We consider the gauged U (1) clockwork theory with a product of multiple gauge groups and discuss the continuum limit of the theory to a massless gauged U (1) with linear dilaton background in five dimensions. The localization of the lightest state of gauge fields on a site in the theory space naturally leads to exponentially small effective couplings of external matter fields localized away from the site. We discuss the implications of our general discussion with some examples, such as mediators of dark matter interactions, flavor-changing B-meson decays as well as D-term SUSY breaking.
Introduction
A large field excursion of the axion-like field in the effective theory can be realized in the setup with multiple fields due to a sequential suppression of the effective axion couplings [1] [2] [3] [4] , which is the so called the clockwork theory in a general term. The clockwork theory has been recently proposed as a general framework where small or large effective couplings to the lightest state at low energy can be naturally obtained in the presence of multiple fields with nearest neighbored interactions [5] [6] [7] . There have been some applications of the clockwork theory to inflation [8] , dark matter [9] , and other interesting particle physics problems [10] .
The concrete realization of clockwork theory requires a product of multiple identical symmetry groups and fields (or clock gears) with asymmetric charges under the neighbored symmetries. Since the local non-abelian symmetries lead to charge quantization condition, the clockwork mechanism for local symmetries is restricted only to the case with abelian symmetries, such as local U (1) symmetries [6, 11] .
In this article, we consider a gauged U (1) clockwork, which leads to the zero mode of gauge fields with a position-dependent coupling to the matter fields localized on the sites [5] [6] [7] . On the other hand, the massive modes of gauge fields can have sizable couplings to the localized matter fields, so they could be accessible in the collider experiments. For instance, the zero mode of the U (1) clockwork may play a role of light mediator for dark matter which is localized at the peak of the zero mode wave function, while evading the bound from direct and indirect detections of dark matter if the SM particles are localized at another position in the tail of the zero mode of the U (1) clockwork.
We discuss the construction of the gauged U (1) clockwork theory and take the continuum limit of the theory in five dimensions. Then, we introduce localized interaction terms of external fields to U (1) clock gears and illustrate some concrete examples for utilizing the gauged U (1) clockwork such as mediators of dark matter interactions, B-meson decays, and D-term supersymmetry (SUSY) breaking. Finally, conclusions are drawn.
The setup
We consider a local U (1) clockwork, composed of N + 1 independent U (1) gauge fields, A j µ (j = 0, 1, · · · , N ), and a set of N Higgs fields, φ j (j = 0, 1, · · · , N − 1). For a continuum limit, we also need to add a set of N − 1 scalar fields, S j (j = 0, 1, · · · , N − 2), linking the Higgs fields [14] . The U (1) charges are assigned asymmetrically between two neighbored U (1)'s as φ 0 = (1, −q, 0, 0, · · · , 0), φ 1 = (0, 1, −q, 0, 0, · · · , 0), · · ·, φ N −1 = (0, 0, · · · , 0, 1, −q), and S 0 = (1, −q − 1, q, 0, · · ·), S 1 = (0, 1, −q − 1, q, 0, · · ·), · · ·, S N −2 = (0, 0, · · · , 1, −q − 1, q). After the Higgs fields φ j get VEVs, the product group of N + 1 U(1)'s, U (1) 0 × U (1) 1 × · · · × U (1) N +1 , is broken down to one U (1).
The Lagrangian for the gauged U (1) clockwork is given by
µ ))φ j , and the Higgs potential at each site is given by
and the VEV of the link fields S j are taken such that the common mass terms proportional to m 2 0 are written and the quartic interactions to the link fields S j are omitted as in the second line.
The Higgs potential V (φ j ) leads to the Higgs VEV at each site,
v j , which are set to be universal as v j = f (j = 0, 1, · · · , N − 1). This VEV choice leads to S j = ω for generating no tadpole from the mass terms linking different Higgs fields. We assume that ω f such that the additional mass terms for gauge fields due to S j are negligible. Then, expanding the Higgs fields around the VEV as φ j = 1 √ 2
(f + h j )e iπ j /f and taking S j = ω with ignoring the fluctuations for S j , the Higgs part of the above Lagrangian becomes
Here, we note that the gauge invariant mass terms linking between φ j and φ j+1 do not produce the mass terms for the would-be Goldstone bosons, φ j , after the U (1)'s are broken spontaneously.
We remark that the Higgs boson interactions would not be necessary for a Stueckelberg formulation for massive gauge bosons in the gauged U (1) clockwork theory. But, we have kept the Higgs boson interactions explicitly for renormalizability in the discrete clockwork theory. As a result, the Higgs kinetic term along the extra dimension is generated from the Higgs mass terms in the continuum limit, as will be discussed in the next section. We will also show later that the Higgs bosons are decoupled from the rest of the fields in the continuum limit.
Gauge fields
We first discuss the mass spectrum and mass eigenstates of gauge fields. Introducing the appropriate gauge fixing term to cancel the mixing terms between gauge fields and would-be Goldstone bosons, the gauge boson mass terms are written as
Then, the massless mode of gauge field is given bỹ
with
On the other hand, we obtain the massive modes of gauge field as follows,
with the mass eigenvalues given by
where the wave functions are given by
We can easily obtain the interacting gauge fields by inverting eqs. (5) and (22), as follows,
For instance, the gauge field at site l is expanded in terms of mass eigenstates as follows,
Higgs fields
Ignoring the Higgs potential at each site, the Higgs mass terms are given by
Therefore, the mass eigenvalues and wave functions can be similarly obtained. But, since the nearest neighbor interactions are symmetric in this case, i.e. q = 1, the wave function of the Higgs zero mode is massless and flat whereas the mass eigenvalues of massive modes are given by
In the presence of the common mass terms for Higgs fields at each site, the mass spectrum of zero mode and massive modes are modified to
wherem 2 h = 2λf 2 .
The continuum limit
In this section, we discuss the continuum limit of the gauged U (1) clockwork for both gauge and Higgs fields and identify the corresponding Lagrangian in a five-dimensional field theory with linear dilaton background.
Bulk gauge field
Similarly as in deconstructing dimensions with symmetric interactions [12] [13] [14] , we can take the continuum limit of the discrete U (1) clockwork by introducing a lattice distance a with a → 0 and f → ∞ while keeping af finite and agf q = 1 and q → 1. Introducing the extra coordinate as y = ja such that y = 0 for j = 0 and y = πR ≡ N a, we identify A µ (x, y) ≡ A j µ (x) and the would-be Goldstone bosons beomces the extra component of gauge field by A y (x, y) ≡ π j (x).
Then, the gauge part of the Lagrangian (1) becomes in the continuous limit
where k ≡ q−1 qa and the 5D indices are M, N = 0, 1, 2, 3, 5. As a result, the localization of the zero mode is achieved at the expense of bulk and brane-localized mass terms for gauge bosons [6, 7, 16] .
Choosing another field basis for gauge field by B M = e ky A M , we can eliminate the gauge boson masses and rewrite the continuum gauge Lagrangian in a fully 5D Lorentz invariant form, as follows,
Therefore, the effective gauge coupling depends on the location in the extra dimension by the dilaton factor, e S = e −2ky , in the linear dilaton background on the S 1 /Z 2 orbifold [5, 15] . Then, as for the scalar clockwork [5] , the equation of motion for the bulk U (1) gauge field is similarly given by
Taking the flat 5D metric,
, and the A y = 0 gauge (or unitary gauge), from eq. (17), we derive the equation for the 4D components of
where prime denotes the derivative with respect to y and ( − m 
As a consequence, we obtain the wave function of the zero mode as
with normalization factor
On the other hand, the massive eigenstates are determined to be
where the mass eigenvalues and the normalization factor are, respectively,
with n = 0, 1, 2 · · ·. Here, we took the modulus |y| for mass eigenstates defined in the covering space S 1 and use was made of the normalization condition, πR −πR dy πR ψ n (y)ψ m (y) = δ nm . Thus, k leads to a mass gap between and the zero mode and the massive modes and R k −1 leads to the compact spectrum of massive modes. Consequently, we find that the results are consistent with those in the discrete clockwork in the continuum limit.
Bulk Higgs field
On the other hand, taking the continuum limit for the Higgs sector by keeping a,λ → 0 and f, m 0 → ∞ while m 0 a = 1 and andλf 2 finite, we also obtain the corresponding Lagrangian as
Here, we find that in the limit of f → ∞ in our continuum limit, the gauge-Higgs interactions vanish in the Higgs part (3), so the gauge and Higgs sectors are completely decoupled. As a consequence, the gauge field requires a nontrivial coupling to the dilaton while the Higgs field does not.
Interactions to U (1) clock gears
We consider the interactions of external matter fields to U (1) clock gears and the breakdown of the remaining U (1) (the zero mode of U (1) clock gears) due to the Higgs mechanism localized on one site. The results in this section can be used for a later discussion on the examples for the U (1) clockwork.
Couplings of U (1) clockwork to external fields
In the discrete U (1) clockwork, we can introduce the U (1) interaction to an external matter field localized at one site.
Suppose that a fermion ψ with nonzero charge under U (1) l is introduced at site l as follows,
Then, from the expansion of the gauge fields A l µ given in eq. (10), we obtain the couplings of the fermion to mass eigenstates of gauge fields as
As a result, we can obtain the effective gauge coupling to be exponentially suppressed as g eff = N 0 g q l , due to the localization of the zero mode of gauge field. In the continuum limit, we can introduce a vector-like fermion ψ localized at y = y 0 as follows,
where g 5 is the 5D gauge coupling. Then, as the zero mode of gauge field has a profile, A 0 µ ∼ e −ky , the effective gauge coupling to the localized fermion at y = y 0 can be exponentially suppressed as e −ky 0 .
On the other hand, we consider an extra complex scalar field φ with charge +1 on the site k, with the following Lagrangian,
where the scalar potential for the extra scalar is given by
Then, the U (1) interactions to the mass eigenstates of gauge fields are given by
Therefore, we find that the remaining U (1) invariance is manifest from the relation between linear and quadratic gauge interactions of the zero mode.
Similarly to the fermion external fields, we can take the continuum limit by introducing a complex scalar field φ at y = y 0 , leading to
Breakdown of the remaining U (1)
When a dark Higgs with U (1) charge +1 sitting at site l gets a VEV as φ = (30), we get the extra mass terms for gauge fields as follows,
Then, the mass of the zero mode becomes
while the spectrum of massive modes gets a shift as follows,
As a result, we can get the mass of the zero mode to be much smaller than v φ , due to the localization of the zero mode, while the shifts in masses of massive modes are of order
φ /m. For instance, for l = N , we get the maximum suppression of the mass of zero mode U (1) for a given v φ . On the other hand, for l = 0, the mass of zero mode U (1) is of order the symmetry breaking scale v φ .
From the point view of the continuum clockwork, the breaking of one of U (1) gears corresponds to a localized Higgs mechanism on the orbifold fixed point (IR brane). Therefore, we can link the suppressed mass of the zero mode by the warp factor of the metric as follows,
where v IR is the VEV of the dark Higgs field localized on the IR brane, which is of order the cutoff scale on the IR brane. As a consequence, it is possible to have a light gauge boson mass hierarchically smaller than the cutoff scale of the theory. If v φ of order the electroweak scale is explained by the warp factor in the extra dimension, the dark gauge boson receives a smaller mass due to the localization. On the other hand, for v IR R −1 , we can ignore the corrections to the KK masses due to the VEV of the brane-localized Higgs field.
Examples for U (1) clockwork
We consider examples for the clockwork with anomaly-free U (1) , composed of identical N + 1 U (1) , beyond the SM. The U (1) clockwork can be dark U (1) or U (1) B−L or other anomaly-free U (1)'s with extra chiral fermions. In this section, we regard the U (1) clockwork as the mediators of dark matter interactions, flavor-changing interactions for B-meson decays, and D-term SUSY breaking.
The abelian gauge bosons of the gauged U (1) clockwork are denoted as Z i µ with i = 0, 1, 2, · · · , N . After the link Higgs fields get VEVs, N + 1 U (1) are broken down to one U (1) . We also introduce extra Higgs field to break the remaining U (1) on one of the sites. The setup can easily generalized to a supersymmetric case where the D-terms and superpartners of gauge bosons, i.e. gauginos, are included in the superfield Lagrangian.
U (1) clockwork as the mediator of dark matter
We consider a Dirac fermion dark matter (DM) that is vector-like under one of U (1) gears such that it has a small or large effective gauge coupling to the zero mode of U (1) , depending on the location of the U (1) gear. We discuss the implications of the localized zero mode of U (1) for DM interactions. We also include the discussion on the case with axial vector couplings of dark matter. Although we don't consider a concrete anomaly-free U (1) model in this work, it might be possible to have a fermion dark matter with axial coupling when it carries a chiral charge and mixes with heavy fermion with opposite chiral charge.
Suppose that the SM fermions f with vectorial coupling v f are localized on site j = N and the DM fermion χ with vectorial coupling v χ is localized on site j = 0. In this case, the zero mode of U (1) may play a role as light mediator for dark matter. In this case, the gauge couplings to mass eigenstates of gauge fields are given by Moreover, as discussed in the previous section, we introduce a complex scalar field with a nonzero U (1) charge on site j = l that breaks the remaining U (1) symmetry with a nonzero VEV v φ . Then, the zero mode of U (1) get mass,
As a consequence, the SM fermions become mili-charged under the zero mode of U (1) while the DM fermion carries a charge of order one under the same symmetry. Therefore, it is possible to have a large self-interaction of dark matter due to the sizable coupling to the zero mode of U (1) , while the annihilation cross section of dark matter into the SM fermions with the zero mode mediator is suppressed. However, the heavy gears of the U (1) clockwork have sizable couplings to both the SM fermions and the dark matter fermion, so they could be relevant for the annihilation of dark matter.
In the limit of non-relativistic dark matter, the annihilation cross section of dark matter into a pair of SM fermions such as χχ → ff is given by
while the annihilation cross section for χχ →Z 0Z 0 is
Then, the total annihilation cross section of dark matter is given by σv ann ≡ σv χχ→ff + σv χχ→Z 0Z0 . If χχ →Z 0Z 0 is open, it dominates the dark matter annihilation. When dark matter is heavy enough, it also self-annihilates into a pair of heavy states,Z k , but we don't consider this possibility in the later discussion.
On the other hand, the DM self-scattering cross section for χχ → χχ is given by
The corresponding cross section for χχ → χχ can be similarly obtained. Then, the effective self-scattering cross section is given by σ self ≡ 1 4
(σ χχ→χχ + σχχ →χχ + σ χχ→χχ ). Likewise, the DM-nucleon elastic scattering cross section for χN → χN is given by
where µ N ≡ m N m χ /(m N + m χ ) is the reduced mass for the DM-nucleon system, and Z, A are the number of protons and nucleons, respectively, and the effective interactions between DM and protons or neutrons are given by
with c p ≡ 2q u + q d and c n ≡ q u + 2q d . On the other hand, in the case of light dark matter of sub-GeV scale, the DM-electron scattering process, χ e → χ e, becomes more important and the corresponding scattering cross section is, for m e , m χ , M 0 m χ v DM , given by
with µ e ≡ m e m χ /(m e + m χ ) being the reduced mass for the DM-electron system.
Using eqs. (20)- (24), the DM annihilation cross section (37) becomes in the continuum limit
where use is made of the matching condition between the 4D and 5D gauge couplings by g 2 Z = kg 2 5 /(1 − e −2πkR ) for the localized zero mode 1 and M k 2m χ for heavy states with k = 1, 2, · · · , N is taken in the second approximation. Similarly, the continuum limit of the DM self-scattering cross section (39) is
Likewise, the continuum limits of the DM-nucleon effective interactions (41) are
Moreover, the continuum limit of the DM-electron scattering cross section (42) is
Then, using the sum
and its derivative with respect to α 2 , we get the formulae for the continuum limit in the closed form, as follows,
1 The gauge coupling for a flat zero mode is recovered as g When dark matter has only the axial coupling a χ and the SM fermions have only the vectorial coupling v f , the DM-nucleon/electron scattering cross sections are velocitysuppressed. Moreover, the annihilation cross section (48) and self-scattering cross section (49) are replaced, respectively, by
As a result, the zero mode of U (1) can contribute to the DM self-scattering cross section significantly such that it could resolve the small-scale problems at galaxies for sub-GeV DM masses [17] or weak-scale DM masses with Sommerfeld enhancement [18] .
On the other hand, the contributions of the zero and massive modes of U (1) gears to the annihilation and DM-nucleon scattering processes are suppressed because of the localization with e −kπR in the former case or large masses of k in the latter case. We find that in the limit of kπR 1, the contributions of massive modes to the DM annihilation and DMnucleon scattering processes are highly suppressed due to the cancellations between the massive modes, whereas the contributions of them to the DM self-scattering cross section are saturated to a constant value. Depending on the suppression factor 1/q N = e −kπR and the mass gap m = k as well as g Z , the interactions of U (1) clock gears could be large enough to determine the DM abundance from the freeze-out mechanism. In this case, it would be important to check the phenomenological constraints on the model from direct and indirect detection of dark matter and collider searches, etc, in a particular gauged U (1) clockwork model. Henceforth, we discuss general aspects of the gauged U (1) clockwork for dark matter physics in a model-independent way.
In the left of Fig. 1 , we illustrated the parameter space for m χ vs M 0 , in the case of light dark matter with sub-GeV scale mass. We first took into account the relic density condition in red (purple) solid line for the vectorial (axial) DM coupling and included contours of the DM-electron elastic scattering cross section in dashed and dotted black lines for σ χe = 10 −40 , 10 −42 cm 2 , respectively, for the vectorial DM coupling. Here, we have taken v χ = v f = 1, the gauge coupling for the U (1) clockwork to be g Z = 2 and the mass scale of heavy clockwork states to be k = 500 GeV and the localization parameter kR = 3, which is equivalent to the effective coupling of the SM fermion with g Z e −kπR = 1.6 × 10 −4 . Thus, most of the parameter space is consistent with the current limits from XENON10 [19] . In the case with m Z > m χ , the annihilation into a pair of light fermions in the SM determines the relic density with a small effective coupling to the zero mode of U (1) . On the other hand, for m Z < m χ , χχ →Z 0Z 0 is dominant but thermal relics with sub-GeV scale mass could be obtained only for a small g Z .
Since the zero mode of U (1) decays into a pair of dark matter in most of the parameter space, the bounds on the invisible decay mode of Z such as BaBar [20] and Belle2 in prospect [21] as well as the beam dump experiment NA64 at CERN SPS [22] could be also applied. The model is consistent with the bounds from direct detection as well as the current limit from BaBar, which is at the level of g Z e −kπR = 3 × 10 −4 [20] .
In the right of Fig. 1 , we also showed the DM self-scattering cross section divided by DM mass as a function of m χ for M 0 = 1, 2 GeV in blue (purple) dashed and dotted lines for the vectorial (axial) DM coupling. The values of the other parameters have been chosen the same as in the left of Fig. 1 . It turns out that at the resonance with M 0 ≈ 2m χ , the self-scattering cross section reaches the peak value close to σ self /m χ = 0.1 − 1 cm 2 /g as required to solve small-scale problems at galaxies [23, 24] .
We remark that thermal relics with s-wave annihilation are strongly constrained by Cosmic Microwave Background (CMB) at recombination. For instance, the dark matter with mass 44 GeV annihilating into e + e − with 100% is excluded by the Planck data at 95% C.L. [25] . The light dark matter with s-wave annihilation can be constrained by gamma-ray searches too [26] . However, if the annihilation cross section of dark matter into light fermions in the SM is p-wave suppressed, there is no such constraint on thermal dark matter. In our model, this is the case when the U (1) clockwork has an axial coupling to dark matter and a vectorial coupling to the SM fermions. Then, the discussion on the relic density condition changes little, even if a relatively larger g Z or a smaller M 0 is needed. Moreover, the DM-electron scattering cross section is velocity-suppressed. The more general cases will be discussed in more detail elsewhere.
In Fig. 2 , we also depicted the parameter space for m χ vs M 0 , in the case of weak-scale dark matter with vectorial coupling. We took into account the relic density condition in red solid line and showed the region in gray where the DM-nucleon elastic scattering cross section is greater than σ χN = 10 −46 cm 2 . Thus, most of the parameter space for weak-scale dark matter is consistent with the current limits from direct detection experiments [27] [28] [29] . Here, we have chosen v χ = v f = 1, g Z = 0.2, k = 1000 GeV and kR = 3, which is equivalent to the effective coupling of the SM fermion with g Z e −kπR = 1.6 × 10 −5 . In this case, the DM relic density is determined dominantly by χχ →Z 0Z 0 and it is almost independent of whether the DM coupling is vectorial or axial. The zero mode of U (1) could not decay into a pair of dark matter in the parameter space where the relic density is explained, but instead it could decay into a pair of SM fermions. But, asZ 0 couples weakly to the SM due to a small coupling or a velocity suppression for the axial DM coupling, we can evade the bounds from Planck data at recombination and gamma-rays. Nonetheless, although not specified, the decay products ofZ 0 might be a smoking gun signal for gamma-ray searches, depending on the decay modes ofZ 0 .
If the 2-to-2 annihilation cross section is too suppressed, we can instead use the 3-to-2 processes such as χχχ → χZ 0 µ to produce the dark matter from the generalized thermal freeze-out [30, 31] . Even in this case, a minimum amount of the interaction between dark matter and the SM particles is needed for kinetic equilibrium of dark matter [30, 31] .
U (1) clockwork for B-meson decays
We consider family-dependent couplings for quarks and leptons in the clockwork theory of the local B − L symmetry. Suppose that the third family couples to the U (1) B−L gear at site j = 0 while the first and second families couple to different gears at site j = l. In order to cancel the gauge anomalies of the U (1) B−L gears, we need to introduce one right-handed neutrino per generation. Then, it is possible to realize family-dependent couplings under the zero mode of U (1) B−L gears. Here, we assume that the remaining U (1) B−L is broken by dark Higgs fields with nonzero B − L charge at least at site j = 0, l for giving masses to right-handed neutrinos.
The Lagrangian for the couplings of the U (1) B−L clockwork to the SM fermions is given by
Then, the gauge interactions to the zero mode of
Therefore, for q l 1, we get the effective couplings of the first and second families to the zero mode of U (1) B−L to be suppressed. As a result, the [32, 33] , that has been proposed to explain the B-meson anomalies observed recently at LHCb 2 .
In order to explain the B-meson anomalies in R K and R K * [34] by the modified effective operator forb →sµ + µ − , we need to introduce flavor violating interactions for bottom quark and muon couplings to the extra gauge bosonÃ to bottom quark can be induced by the quark mixings in the CKM matrix [32] . Violation of the lepton flavor universality can be achieved by the lepton flavor mixing [33] or the mixing between B 3 − L 3 and L µ − L τ [32] .
We focus on the case that there is a mixing between the effective B 3 − L 3 (i.e. the zero mode of the U (1) B−L clockwork) and L µ − L τ [32] , namely, the U (1) gauge symmetry at low energy is given by x(B 3 − L 3 ) + y(L µ − L τ ). In this case, after integrating out Z with mass m Z and gauge coupling g Z , we get the effective Hamiltonian forb →sµ + µ − [32] , as follows,
with O µ 9 ≡ (sγ µ P L b)(μγ µ µ) and α em being the electromagnetic coupling, we obtain a new physics contribution to the Wilson coefficient as follows, 
Various constraints on the Z interactions, coming from dimuon resonance searches, other meson decays and mixing, tau lepton decays and neutrino scattering, have been studied in detail in Ref. [32] , leading to the conclusion that xg Z 0.05 for yg Z ∼ 1 and m Z 1 TeV.
We remark the Yukawa couplings for quarks and leptons in the case of U (1) B−L clockwork. Although the SM fermions couple to the U (1) B−L gears in a family-dependent way, their Yukawa couplings are invariant under the U (1) B−L gears. But, the hierarchy of fermion masses and mixings depend on the profile of the zero mode of the SM Higgs doublet. The concrete discussion on the case that the Yukawa interactions are restricted only by the gauge symmetry has been studied [32] .
D-term SUSY breaking
In this subsection, we discuss another example of utilizing the U (1) clockwork for mediating the SUSY breaking to the visible sector.
The hidden sector SUSY breaking in supergravity leads to F-term of order F = O(m 3/2 M P ) and D-term of order D = O(m 2 3/2 ) where m 3/2 is the gravitino mass [36] . Thus, the D-term SUSY breaking can be important when the gravitino is quite heavy. However, the soft masses in the visible sector depend on the mediation mechanisms of SUSY breaking. In particular, when the gravity mediation of F-term SUSY breaking is suppressed by a sequestering mechanism [37] , for instance, when the hidden and visible sectors are localized at different fixed points in the extra dimension, the D-term SUSY breaking could be dominant [38] .
We consider a clockwork Lagrangian for the hidden D-terms of N + 1 U (1) vector superfields with D j (j = 0, 1, · · · , N − 1), as follows,
We note that the above component Lagrangian can be derived from the superfield Lagrangian, L D = 
we obtain the soft scalar mass for φ N on site j = N as follows,
Therefore, if the scalar superpartners of the SM fermions carry nonzero U (1) N charges on site j = N , the D-term clockwork mechanism can provide a small soft SUSY breaking in the visible sector. We note that when the D-term breaking can be introduced on This generalizes the previous discussion on a generation of small mass scales through a small gauge kinetic mixing in Ref. [39] .
Conclusions
We have studied the gauged U (1) clockwork theory with a product of multiple U (1)'s where the gauge symmetries are broken down to one U (1) by the Higgs mechanism. In the continuum limit, the U (1) clockwork theory corresponds to a massless gauged U (1) theory in five dimensions with linear dilaton background. We have introduced interactions of external matter fields to U (1) clock gears for generating a hierarchy of couplings to the zero mode of U (1) clock gears. We discussed the consequences of our general discussion with some examples, focusing on the mediators of dark matter interactions, flavor-changing interactions for B-meson decays and briefly sketching the case with D-term SUSY breaking.
